Non-Lipschitzian dynamics for neural net modelling  by Zak, Michail
Appl. Math. Lett. Vol. 2, No. 1, pp. 69-74, 1989 08939659/69 $3.00 + 0.00 
Printed in Great Britain @ All rights reserved Copyright@ 1989 Pergamon Press plc 
Non-Lipschitzian Dynamics for Neural Net Modelling 
MICHAIL ZAK 
Jet Propulsion Laboratory, California Institute of Technology 
Abstract. Failure of the Lips&& condition in unstable equilibrium points of dynamical 
systems leads to a multiplechoice response to au initial deterministic input. The evolution 
of such systems is characterized by a special type of unpredictability measured by un- 
bounded Lyapunov exponents. Possible relation of these systems to future neural networks 
is discussed. 
The concept of unpredictability in deterministic classical dynamics was introduced in 
connection with the discovery of chaotic motions in nonlinear systems.l Such motions 
are caused by Lyapunov instability, which is characterized by a violation of a continuous 
dependence of solutions on the initial conditions during an unbounded time interval 
(t 3 oo). That is why the unpredictability in these systems develops gradually. Indeed, 
if two initially close trajectories diverge exponentially: 
(1) 
then for an infinitesimal initial distance c0 + 0, the current distance c becomes finite 
only at t ---) co. For this reason, the Lyapunov exponents (the mean exponential rate of 
divergence) are defined in an unbounded time interval: 
a=lim 7 
0 
l en: 
In distributed dynamical systems, described by partial differential equations, there ex- 
ists a stronger instability discovered by Hadamard. In the course of this instability, a 
continuous dependence of a solution on the initial conditions is violated during an arbi- 
trary small time period. Such a blow-up instability is caused by a failure of hyperbolicity 
and transition to ellipticity.2*3 
In this note, we will show that a similar type of a blow-up instability leading to “dis- 
crete pulses” of unpredictability can occur in dynamical systems described by ordinary 
differential equations, if at some limit sets (for instance, equilibrium points) the Lipschitz 
condition is removed. 
Thus, we will consider a dynamical system: 
ii + fi(Zl, x2,. ..z,)=O,i=1,2...n (3) 
in which fi are continuous functions of all their arguments, but 
afi + Co at xk 
btj 
=x;,Ic= 1,2...n 
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The simplest example of this system is the following: 
k+axk =O,k< 1 (5) 
Indeed, here 
lim e = _o~z-U-k) = 
-oo ifcr>O 
x-0 ax 00 ifa<O (6) 
i.e., the Lipschitz condition fails at the equilibrium point x = 0. 
In case (Y > 0, this point is a terminal attractor4 which is characterized by an infinite 
local stability. It is approached by a transient solution x(t) with the initial condition 
E, = x(o) during a finite time t,: 
J 
0-0 
t, = 
dx 
x0 
-S,k<, 
CYXk 
i.e., the transient solution z(t) intersects the constant solution x = 0; that leads to the 
loss of the uniqueness of the solution at z = 0. It is easily verifiable that for k > 1 the 
Lipschitz condition holds: 
limg 40 (3) 
x-0 
and the integral in (7) diverges. This means that the solution x(t) asymptotically tends 
to x = 0, but never approaches it, i.e., the uniqueness of the solution is preserved. 
Let us turn to the case (Y < 0. Now, the point x = 0 represents an infinitely unstable 
(terminal) repeller. Indeed, linearizing Eq. (5) with respect to the point x = 0 one 
obtains: 
i + Xx = 0, X = lim 
( 
-okx,(lUk) 
> 
=cO 
0.40 (9) 
If the initial condition z0 is infinitely close to this repeller, then the transient solution 
will escape it during a finite time period t,: 
J 
I 
t, = 
dx 21-k 
x.+0 a?Jk -=l_L 
Indeed, t, is finite if i is bounded despite the fact that x, + 0 (obviously, t, 4 co if 
k > 1). 
Let us analyze the transient escape from the terminal repeller at k = l/3, assuming 
that 1~~1 + 0. The solution to Eq. (5) reduces to the following: 
z = fW 7 x#O (11) 
Hence, two different solutions are possible for “almost the same” initial conditions (Fig. 
1). The most essential property of this result is that the divergence of the solutions (11) 
is characterized by an unbounded Lyapunov exponent: 
(12) 
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in which t, is an arbitrarily small (but finite) positive quantity. In contrast to Eq. (2), 
here the Lyapunov exponent can be defined in an arbitrarily small time interval, since 
during this interval the initial infinitesimal distance between the solutions becomes finite. 
Thus, a terminal repeller represents a vanishingly short but infinitely powerful “pulse of 
unpredictability” which is “pumped” into the dynamical system. 
In order to illustrate the unpredictability in such a non- lipschitzian dynamics, we will 
turn from Eq. (5) to the following equation: 
i - yz113 = 0, while (13) 
y = coswt (14) 
Assuming that x --) 0 at t + 0, one obtains regular solutions: 
z=*($sinut)3’2, x#O (15) 
and a singular solution (an equilibrium point) 
x=0 (16) 
During the first time period 
o<t<c (17) 
the equilibrium point (16) is a terminal repeller (since y > 0). Therefore, within this 
period the solutions (15) have the same property as the solutions (11): their divergence 
is characterized by an unbounded Lyapunov exponent. 
During the next time period: 
;<t<g (18) 
the equilibrium point (16) becomes a terminal attractor (since y < 0), and the system 
which approaches this attractor at t = TW remains motionless until t > 3712~. After 
that the terminal attractor converts into the terminal repeller, and the system escapes 
again, etc. 
It is important to notice that each time when the system escapes the terminal repeller, 
the solution splits into two symmetric branches, so that the total trajectory can be 
combined from 2” pieces, where n is the number of cycles, i.e., it is the integer part of 
the quantity (t/2aw), Fig. 2. As one can see, here the nature of the unpredictability is 
significantly different from the unpredictability in chaotic systems. This difference will 
be emphasized even more by the next example: 
Let us replace Eqs. (13) and (14) by the following: 
j. - y(sin x)ij3 = O,y=-1+2e-tcoswt, (19) 
assuming again that x --+ 0 at t 4 0. Since y > 0 at t = 0, the equilibrium point 
2 = 0 initially is a terminal repeller. Hence, the regular solution will consist of two 
possible (positive and negative) escaping branches which will approach the neighboring 
terminal attractors at 2 = x, or 2 = -?r, respectively. The system will be at rest in 
one of these two attractors until y becomes negative, i.e., until these terminal attractors 
become terminal repellers. After that, the solution will split again into two possible 
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escaping branches, while the system can continue to escape the equilibrium point 2: = 0 
or return to it. However, because y 4 -1 at t -+ 00, all the equilibrium points 
2 = f27rk, h = 0, 1,2.. . etc., (20) 
will eventually become permanent terminal attractors, and the system will relax at one 
of them. But because of branching of the solution, it is impossible to predict which 
one of the competing attractors (20) will be finally approached by the system. Hence, 
here the unpredictability is represented not by a chaotic attractor, but rather by a set of 
competing static attractors. 
Thus, we have introduced a new type of unpredictability in dynamical systems caused 
by failure of the Lipschitz condition at equilibrium points. It has been demonstrated that, 
unlike the chaotic systems, the non-lipschitzian dynamics may exhibit an unpredictabil- 
ity characterized by unbounded Lyapunov exponents. The sources of these unbounded 
exponents are terminal repellers which “pump the unpredictability” in the form of van- 
ishingly short, but infinitely powerful “pulses”. That is why a set of possible trajectories 
in phase space is not a Cantor set (as in chaotic system), but rather a countable set of 
a combinatorial nature. (Because of that, the global unpredictability in the non- lips- 
chitzian dynamics is associated with an exponential complexity.) Hence, in this respect 
the non-lipschitzian dynamics has some connections with the “digital world”. 
It is important to emphasize that in the chaotic systems the unpredictability is caused 
by a supersensitivity to the initial conditions, while the uniqueness of the solution for 
fixed initial conditions, is guaranteed by the Lipschitz condition. In contrast to that, in 
non-lipschitzian dynamics presented here, the unpredictability is caused by the failure of 
the uniqueness of the solution at some of the equilibrium points. 
The non-lipschitzian dynamics may have some practical applications. Indeed, it in- 
troduces dynamical systems with a multiple-choice response to an initial deterministic 
input. Such models can become an underlying idealized framework for dynamical sys- 
tems with “creativity”, whose response is based upon a “hidden logic”. This logic might 
be incorporated into the system in the form of an appropriate dynamical microstructure 
of terminal repellers or by additional external inputs. In our opinion, such an approach 
can be useful in dynamical modelling of neural networks. Indeed, a neural network with 
n terminal repellers would be able to make 2” totally different decisions under slightly 
different external inputs performing thereby an “intrinsic” logic. The most significant 
property of such neural networks would be their ability to be activated not by exter- 
nal inputs, but rather by internal rhythms (see Eq. (13), or Eq. (19)). Indeed, as 
soon as terminal attractor is converted into terminal repeller, it activates the system. 
Such a behavior can be compared with higher level cognitive processes since it is based 
upon interactions between attractors (i.e., upon the “knowledge” in the system) in con- 
tradistinction to perception and recognition performances which are based upon external 
inputs. 
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Figure 1. Escape from Terminal Repeller. 
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Unpredictability Caused by Alternating Terminal Attractors 
and Repellers at an Equilibrium Point. 
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Figure 3. Unpredictability Caused by Competing Terminal Attractors. 
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